We study a three-point nonlinear boundary value problem with higher-order p-Laplacian. We show that there exist countable many positive solutions by using the fixed point index theorem for operators in a cone.
Introduction
In this paper, we study a higher-order quasilinear equation with p-Laplacian φ p u (n−1) + g(t) f t,u,u ,...,u (n−2) = 0, 0 < t < 1, n ≥ 3, (1.1) subject to the following three-point boundary conditions: In recent years, because of the wide mathematical and physical backgrounds [7, 8] , the existence of positive solutions for nonlinear boundary value problems with p-Laplacian received wide attention. Especially, when p = 2, the existence of positive solutions for nonlinear singular boundary value problems has been obtained (see [5, 6, 10] ); when p = 2 and the nonlinearities are continuous, many results of the existence of positive solutions 2 Positive solutions of a three-point BVP have been obtained [1] [2] [3] [4] 9] by using comparison results, topological degree theorem, respectively. Recently, on the existence of positive solutions of multipoint boundary value problems for second-order ordinary differential equation, some authors have obtained the existence results (see [5] [6] [7] [8] 10] ). However, all of the above-mentioned references dealt with the case of the nonlinearity without singularities. For the singular case of multipoint boundary value problems, to our acknowledge, no one has studied the existence of positive solutions in this case.
Very recently, Kaufmann and Kosmatov [3] established the result of countably many positive solutions for the two-point boundary value problems with infinitely many singularities of the following form:
where a ∈ L p [0,1], p ≥ 1, and a(t) can have countably singularities on [0,1/2). Lian and Ge in [4] investigated the following boundary value problem:
where φ p (s) = |s| p−2 s, p > 1, α,β,γ,δ ≥ 0, αγ + αδ + γβ > 0 and obtained that the problem has at least one positive solution by using the fixed point theorem of the compression and expansion of norm in the cone. Motivated by the results mentioned above, in this paper, we extend the results obtained in [4] to the more general three-point boundary value problems (1.1)-(1.2) which are generalization of problems (1.4). We would stress that the results presented in this paper complement and improve those obtained in [3, 4] , since we allow nonlinearity to have infinitely many singularities and the boundary value conditions are more general. We will show that the problems (1.1)-(1.2) have infinitely many solutions if g and f satisfy some suitable conditions.
In the rest of the paper, we make the following assumptions: p and 1/ p + 1/q = 1.
Preliminaries and lemmas
We denote
and the norm
that K is a cone. Our main tool of this paper is the following fixed point theorem of cone expansion and compression of norm type.
Suppose that one of the following two conditions holds:
where w(t) is given by
4 Positive solutions of a three-point BVP where δ is a solution of the equation y 0 (x) = y 1 (x), here 
Obviously, we can obtain the following results: where θ ∈ (0,1/2) is a given constant. We can easily get the following lemmas.
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Lemma 2.2. Let u ∈ K and θ ∈ (0,1/2). Then
The proof of Lemma 2.2 is similar to the proof of lemma in [9] , so we omit the details. 
12)
and for θ ∈ (0,1/2) in Lemma 2.2,
Proof. If u(t) is the solution of problem (1.1), (1.2), then u (n−2) (t) is a concave function, and u i (t) ≥ 0, i = 0,1,...,n − 2, t ∈ [0,1]. Thus we have
, we have
The proof is complete.
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The main result
In this section, we present our main results, and also provide an example of family of functions a(t) that satifies condition (H 3 ). For convenience, we set
(3.1)
and for each natural number k, assume that f satisfy
Then, the boundary value problem (1.1), (1.2) has infinitely many solutions {u
Proof. From (2.6), we have (Tu) (n−2) (δ) = max t∈ [0, 1] (Tu) (n−2) (t) = Tu . Because t 0 < t k+1 < θ k < t k < 1/2, k = 1,2,..., for any k ∈ N, u ∈ K, by Lemma 2.2, we have
We define two open subset sequences
For a fixed k and u ∈ ∂Ω 1,k , by (3.4), we have
we will discuss it from three cases. 
(ii) If δ ∈ (1 − t 1 ,1], thus for u ∈ ∂Ω 1,k , by (A 1 ) and Lemma 2.3, we have 
(3.9)
8 Positive solutions of a three-point BVP Therefore, no matter under which condition, we all have
On the other hand, when u ∈ ∂Ω 2,k , we have u(t) ≤ u = R k , and by (A 2 ), we know
, by (3.10), (3.12), and Lemma 2.1, operator T has a fixed point u k ∈ (Ω 2,k \ Ω 1,k ), and r k ≤ u k ≤ R k . By the randomness of k, we know that Theorem 3.1 holds. This completes the proof of Theorem 3.1.
For each natural number k, assume that f satisfies 
